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Recently, quantum Fourier transform interferometers have been demonstrated to allow a
quantum metrological enhancement in phase sensitivity for a small number n of identi-
cal input single photons [1–3]. However, multiphoton distinguishability at the detectors
can play an important role from an experimental point of view [4]. This raises a funda-
mental question: How is the phase sensitivity affected when the photons are completely
distinguishable at the detectors and therefore do not interfere? In other words, which role
does multiphoton interference play in these schemes? Here, we show that for small phase
values the phase sensitivity achievable in the proposed schemes with indistinguishable
photons is enhanced only by a constant factor with respect to the case of completely
distinguishable photons at the detectors. Interestingly, this enhancement arises from the
interference of only a polynomial number (in n) of the total n! multiphoton path am-
plitudes in the n-port interferometer. These results are independent of the number n of
single photons and of the phase weight factors employed at each interferometer channel.
Keywords: Multiphoton interference; Quantum metrology.
1. Introduction
Multiphoton interference [4,5] has been demonstrated to be a powerful tool toward
achieving quantum enhancement in parameter estimation [6–11]. Unfortunately,
often the desired quantum metrological supremacy relies on the need of quantum
states difficult to produce [12–15]. An alternative approach relying only on single
photon sources and a quantum Fourier transform interferometer (QuFTI) was re-
cently proposed in order to achieve a quantum metrological advantage in the case of
small number n of single photons [1,2,6]. Here, we examine the role of multiphoton
interference in the phase measurement accuracy of these techniques by considering
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the two cases of fully indistinguishable and fully distinguishable input photons. We
show, that the accuracy is equal in both cases apart from a constant factor
√
2, that
is independent of the number n of input photons. Therefore, multiphoton interfer-
ence is able to provide only a constant advantage in phase measurement accuracy
by using a QuFTI with n input single photons, independently of the value of n.
Our work generalizes the results obtained in Ref. [3], where the QuFTI was first
investigated only in the case of the fixed set of weight factors introduced in Ref.
[2], to arbitrary phase weight factors (see Fig. 1). The approach pursued here for
single-parameter estimation can be also applied to estimate the role of multiphoton
interference in multiparameter estimation schemes either with input single photon
states or photon number states [6, 7, 9, 16].
2. Phase accuracy for indistinguishable and distinguishable
photons
The QuFTI introduced in Ref. 1 is an n-mode passive linear interferometer, de-
termined by the succession of three components leading to the unitary matrix
U = V ΦV † as illustrated in Fig. 1. The three components are the n-mode quantum
Fourier transform, described by the matrix V with elements
Vj,k =
1√
n
e2pii
(j−1)(k−1)
n , (1)
with j, k = 1, ..., n, a general phase evolution, represented by the matrix Φ with
elements
Φj,k = δj,ke
ifjϕ (2)
and the inverse quantum Fourier transform V †. Here, ϕ is the encoded phase to be
measured, and fj is an arbitrary factor depending on the experimental scenario [1].
The interferometer matrix U is then defined by the elements
Uj,k =
1
n
n∑
l=1
ω(j−k)(l−1)n e
iϕfl , (3)
with ωn = exp(2pii/n), as derived in Appendix A.
Each interferometer port j = 1, ..., n, is fed with a single photon
|1[ξj ]〉j :=
∫
dω ξj(ω) aˆ
†(ω) |0〉 (4)
with spectrum ξj , leading to the input state
|Ψin〉 =
n⊗
j=1
|1[ξj ]〉j . (5)
The observable Oˆ that is measured to estimate the encoded phase ϕ is the projection
of the QuFTI output state |Ψout〉 = U |Ψin〉 onto the state of one photon measured
in each output mode k ∈ {1, ..., n} of the QuFTI, independently of the photonic
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Fig. 1. The quantum Fourier transform interferometer in Ref. 1 is described by the unitary matrix
U = V ΦV †. The interferometer is a succession of the n-mode quantum Fourier transform V , a
phase shifter matrix Φ, with an arbitrary set of phase weight factors {fj}, j = 1, ..., n, and the
inverse n-mode quantum Fourier transform V †.
inner modes (e.g. detection times and frequencies). The phase accuracy is therefore
determined by the probability P = 〈Oˆ〉 = 〈Oˆ2〉 of n-photon detections as
∆ϕ =
√
〈Oˆ2〉 − 〈Oˆ〉2
∂〈Oˆ〉
∂ϕ
=
√
P − P 2
dP
dϕ
, (6)
where the first equality is obtained by using standard error propagation.
The probability P = P (I) in the case of multiphoton interference arising from
indistinguishable (I) photons (full overlap in the photonic spectra,
∫
ξjξkdω = 1
∀j, k) is given by [4, 17,18]
P (I) = |perm(U)|2 (7)
where the permanent of a matrix Γ is defined as
perm(Γ) :=
∑
σ∈Sn
n∏
j=1
Γj,σ(j). (8)
The permanent in Eq. (7) is given by the superposition of n! n-photon amplitudes
corresponding to the n! possible ways for the n photons to trigger the n detectors.
Each multiphoton amplitude is identified by a permutation σ(j) of the output ports
where the corresponding photons at each input port j = 1, ..., n can exit.
In the case of completely distinguishable (D) input photons (no overlap in the
photonic spectra,
∫
ξjξkdω = 0 ∀j 6= k) the probability P = P (D) is given by [4]
P (D) = perm(T ), (9)
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with the matrix T defined by the elements Tj,k = |Uj,k|2. Here, all multiphoton
interference terms in Eq. (7) vanished due to the distinguishability of the n photons
at the detectors.
2.1. Phase accuracy for small phase values
In this section we calculate the phase accuracy ∆ϕ in the case of fully indistinguish-
able and fully distinguishable photons. We restrict our discussion to small values
of the phase ϕ, where higher values of accuracy can be achieved [1, 3].
We first address the case of indistinguishable photons. By considering only terms
of the order of ϕ2, Eq. 7 can be rewritten as
P (I) =
∣∣∣∣∣∣
(
1 +
i
n
ϕA− 1
2n
ϕ2B
)n
+
∑
σ2
∏
j 6=σ2(j)
(
iϕ
n
Cj,σ2(j) −
ϕ2
2n
Dj,σ2(j)
)∣∣∣∣∣∣
2
, (10)
as derived in Appendix B, where A :=
∑
j fj , B :=
∑
j f
2
j , Cj,k :=
∑
l
ω
(j−k)(l−1)
n fl,
Dj,k :=
∑
l
ω
(j−k)(l−1)
n f2l and σm are the permutations interchanging m elements.
Interestingly, only the identity permutation σ0 (first term in Eq. (10)) and the
n(n − 1)/2 permutations {σ2} interchanging two output ports contribute to the
multiphoton interference. As an example, these permutations are illustrated in Fig.
2 in the case of n = 3.
On the other hand, in the case of fully distinguishable photons and neglecting
terms of order ϕ2 and higher, Eq. (9) reduces to
P (D) =
∣∣∣∣1 + inϕA− 12nϕ2B
∣∣∣∣2n , (11)
corresponding to the modulus square of the first multiphoton amplitude in Eq. (10)
associated with the identity permutation.
We conclude that the difference in the probability for indistinguishable photons
with respect to distinguishable photons only arises from the contribution of the
n-photon amplitudes associated with an exchange of two photons at the output
ports of the QuFTI.
In Appendix B and Appendix C we find that the probabilities in Eq. (10) and
Eq. (11) reduce, respectively, to
P (I) = 1− 2ϕ2(B − A
2
n
) (12)
and
P (D) = 1− ϕ2(B − A
2
n
). (13)
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Fig. 2. Interference of n-photon amplitudes in a QuFTI depicted, as an example, for n=3. Only
n-photon amplitudes associated with an exchange of two photons at the output ports of the
QuFTI with respect to the identity permutation at the top left contribute to the multiphoton
interference with terms of the order ϕ2. These amplitudes, in addition to the identity amplitude,
are illustrated here with green background and continuous-line paths. The remaining n-photon
amplitudes, indicated with a red background and dashed-line paths, are suppressed since they
contribute to higher order terms in ϕ.
By using the results in Eqs. (12) and (13) the phase accuracy in Eq. (6) becomes
∆ϕ(I) =
√
n
8(Bn−A) (14)
for completely indistinguishable photons and
∆ϕ(D) =
√
n
4(Bn−A) (15)
for completely distinguishable photons. Thus, the interferometric phase sensitivities
given fully indistinguishable and fully distinguishable input photons only differ by a
constant factor of
√
2. This factor is independent of the number n of input photons
and of the phase weight factors fj .
3. Conclusions
We demonstrated that a constant factor
√
2 represents the only enhancement in
phase sensitivity achievable by the QuFTI for fully indistinguishable input single
photons in comparison to the case of fully distinguishable input single photons.
These results hold for arbitrary numbers n of single photons injected in the inter-
ferometer, and for arbitrary phase factors fj introduced in each interferometer chan-
nel. This constant quantum enhancement arises from the contribution of interfering
multiphoton amplitudes associated with all the possible ways to exchange only two
photons at the output ports (see Fig. 2). Interestingly, these amplitudes, together
December 7, 2017 1:19 WSPC/INSTRUCTION FILE PIpaper
6 Olaf Zimmermann, Vincenzo Tamma
with the contribution where no exchange occurs, represent only 1+n(n−1)/2 of n!
interfering amplitudes which would contribute, in general, for larger values of the
phase ϕ in an n-port interferometer. This motivates further investigations of how
to maximize the quantum metrological enhancement achievable by n-photon inter-
ference in linear optics quantum metrology depending on the values of the phases
to be measured and on the interferometer configuration [3, 6, 7]. Furthermore, this
work can stimulate further studies about the role of multiphoton interference in
quantum information processing [17,19–22].
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Appendix A. QuFTI Matrix elements for small phases ϕ
We derive the matrix elements Uj,k, with j, k = 1, ..., n for the matrix U = V ΦV
†
associated with an n-port QuFTI by using Eqs. (1) and (2):
Uj,k :=
n∑
l,m=1
Vj,lΦl,mV
†
m,k =
1
n
n∑
l,m=1
ω(j−1)(l−1)n δl,me
iϕfl︸ ︷︷ ︸
Φl,m
ω(m−1)(1−k)n
=
1
n
n∑
l=1
ω(j−1)(l−1)n e
iϕflω(l−1)(1−k)n =
1
n
n∑
l=1
ω(j−k)(l−1)n e
iϕfl . (A.1)
Here, ωn = exp(2pii/n) is the n
th root of unity and fj is an arbitrary factor,
dependent on the channel j. We expand the exponential for small phases ϕ and
obtain
Uj,k =
1
n
n∑
l=1
ω(j−k)(l−1)n
(
1 + iϕfl − 1
2
ϕ2f2l
)
=

1 + inϕ
n∑
l=1
fl︸ ︷︷ ︸
=:A
− 12nϕ2
n∑
l=1
f2l︸ ︷︷ ︸
=:B
, j = k
1
n
n∑
l=1
ω(j−k)(l−1)n︸ ︷︷ ︸
=0
+ iϕn
n∑
l=1
ω(j−k)(l−1)n fl︸ ︷︷ ︸
=:Cj,k
−ϕ22n
n∑
l=1
ω(j−k)(l−1)n f
2
l︸ ︷︷ ︸
=:Dj,k
, j 6= k
=
{
1 + inϕA− 12nϕ2B , j = k
iϕ
n Cj,k − ϕ
2
2nDj,k , j 6= k.
(A.2)
Appendix B. P (I) for small phase values ϕ
We calculate the probability P (I) = |perm(U)|2 for an n-fold single photon detection
given an input of indistinguishable single photons from the permanent of the QuFTI
matrix U with elements defined by Eq. (A.2). By employing the general definition
of the permanent in Eq. (8) and defining the permutations σm interchanging m
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elements we obtain
perm(U) =
(
1 +
i
n
ϕA− 1
2n
ϕ2B
)n
+
n∑
m=2
(
1 +
i
n
ϕA− 1
2n
ϕ2B
)n−m
·
∑
σm
∏
j 6=σm(j)
(
iϕ
n
Cj,σm(j) −
ϕ2
2n
Dj,σm(j)
)
︸ ︷︷ ︸
O(ϕm)
.
(B.1)
Given that the terms in the inner sum are of the order ϕm we can assume that it
is sufficient to consider only permutations σm with m ≤ 2 for small phase values ϕ.
Since no permutation can interchange only 1 element, the permanent in Eq. (B.1)
is given by the contribution of the identity σ0
Tσ0 :=
(
1 +
i
n
ϕA− 1
2n
ϕ2B
)n
= 1 + iϕA− 1
2
ϕ2B − n− 1
2n
ϕ2A2 (B.2)
and the sum
T{σ2} :=
(
1 +
i
n
ϕA− 1
2n
ϕ2B
)n−2
1
2
n∑
j1=1
n∑
j2=1
j2 6=j1
(
iϕ
n
Cj1,j2 −
ϕ2
2n
Dj1,j2
)
·
(
iϕ
n
Cj2,j1 −
ϕ2
2n
Dj2,j1
)
=− ϕ
2
n2
1
2
n∑
j1=1
n∑
j2=1
j2 6=j1
Cj1,j2Cj2,j1 +O(ϕ
3) (B.3)
of the contributions from all n(n − 1)/2 permutations σ2 that interchange only
2 elements, labelled as j1, j2. Here, the factor 1/2 arises from the fact that each
permutation is considered twice in the sum. By considering only contributions up
to the order ϕ2, Eq. (B.3) becomes
T{σ2} =−
ϕ2
2n2
n∑
j1=1
n∑
j2=1
j2 6=j1
Cj1,j2Cj2,j1 = −
ϕ2
2n2
n∑
l1=1
n∑
l2=1
fl1fl2
n∑
j1=1
n∑
j2=1
j2 6=j1
ω(j1−j2)(l1−l2)n
=− ϕ
2
2n2
n∑
l1=1
n∑
l2=1
fl1fl2
n∑
j1=1
n−j1∑
j=1−j1
j 6=0
ω−j(l1−l2)n
=− ϕ
2
2n2
n∑
l1=1
n∑
l2=1
fl1fl2
n∑
j1=1
 n−j1∑
j=1−j1
ω−j(l1−l2)n − 1

=− ϕ
2
2n2
n∑
l1=1
n∑
l2=1
fl1fl2
n∑
j1=1
(δl1,l2n− 1) = −
ϕ2
2n2
n∑
l1=1
n∑
l2=1
fl1fl2n (δl1,l2n− 1)
=− ϕ
2
2
B +
ϕ2
2n
A2. (B.4)
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By summing the contributions in Eq. (B.2) and Eq. (B.4), Eq. (B.1) becomes
perm(U) = Tσ0 + T{σ2} = 1 + iϕA− ϕ2B −
n− 2
2n
ϕ2A2. (B.5)
From Eq. (7), this leads to the expression
P (I) = 1 + ϕ2A2 − 2ϕ2B − n− 2
n
ϕ2A2 = 1− 2ϕ2(B − A
2
n
). (B.6)
Appendix C. P (D) for small phase values ϕ
We calculate the probability P (D) = perm(T ) in Eq. (9), where the elements Tj,k =
|Uj,k|2 of the matrix T follow directly from Eq.(A.2) as
Tj,k = |Uj,k|2 =
{
1 + 1n2ϕ
2A2 − 1nϕ2B , j = k
−ϕ2n2 |Cj,k|2 , j 6= k.
(C.1)
By using the definition of permanent in Eq. (8), Eq. (9) becomes
P (D) =
(
1 +
1
n2
ϕ2A2 − 1
n
ϕ2B
)n
+
n∑
m=2
(
1 +
1
n2
ϕ2A2 − 1
n
ϕ2B
)(n−m)∑
σm
∏
j 6=σm(j)
(
−ϕ
2
n2
|Cj,k|2
)
︸ ︷︷ ︸
O(ϕ2m)
. (C.2)
We point out that, given the dependence on ϕ2 of the non-diagonal elements in Eq.
(C.1), the contributions from the permutations σm in Eq. (C.2) are of order ϕ
2m.
Therefore, by neglecting terms of higher order than ϕ2, Eq. (C.2) reduces to its
first term associated with the identity permutation as
P (D) = 1− ϕ2(B − A
2
n
), (C.3)
which corresponds to
P (D) = |Tσ0 |2 , (C.4)
with Tσ0 defined in Eq. (B2).
